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PREFACE

IN preparing this volume, the ninth in the Scientific Me-
moirs series, the editor has had in mind the fact that the most
important of the memoirs here dealt with, that of Cavendish,
is frequently given for detailed study to young physicists in
order to train them in the art of reading for themselves period-
ical scientific literature. Certainly no better piece of work
could be used for the purpose, whether one considers the
intringic importance of the subject-matter, the keenness of
argument and the logical presentation in detail, or the use and
design of apparatus and the treatment of sources of error.
The main objections to Cavendish’s work are those he himself
pointed out, and it is important to notice that, notwithstand-
ing all the advance in the refinement and manipulation of
apparatus which has been made during the century that has
elapsed since the date of Cavendish’s experiment, his value for
the mean specific gravity of the earth, 5.448, must still be con-
sidered one of the most reliable, being not far from the latest
results of Poynting, Konig and Richarz and Krigar-Menzel,
Boys and Braun.

Believing that we in America devote insufficient time, if
any, to a study of Newton’s great work, the editor has thought
it well to incorporate with the memoirs on the experimental
investigation of gravitational attraction the statements of New-
ton himself concerning that subject.

The laws of gravitation are embodied in the formula,

mm
=G

which says that the attraction between two particles of matter
is directly proportional to the product of their masses, inverse-
ly proportional to the square of the distance between them,

and independent of the kind of matter and of the intervening
\4
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PREFACE

medinm. G is then a constant in nature, the Gravitation Con-
stant. It is more common perhaps to speak of the law, than
of the laws, of gravitation ; this has no doubt arisen from the
fact that they can be stated in a single mathematical formula.
The best evidence of the truth of these laws is indirect, for,’
assuming them valid, astronomical measurements show that
they account for all the motions of the heavenly bodies. Such
measurements do not, however, enable us to find the numer-
ical value of G; for that purpese we must determine the at-
traction between two masses of known amount at a known
distance apart. It is with experiments of this character that
tire present volume has to deal. As the masses used in such
experiments vary from a metal sphere of a few tenths of an
inch in diameter to & huge mountain mass, or to a shell of the
earth’s erust 1250 It. in thickness, and as the attraction has
been observed with such &ifferent instraments as the plamb-
line, the pendulum, the torsion balance, the pendalum bal-
anve and the beam balanece, and yet the resulting valwe of G is
always about the same, we can regard these experiments as
constituting a further proof of Newton’s laws, and the aditor
has acoordingly felt justified in using the title given. As-
-suming the earth to be a sphere, the value of G is cenmected
" with the valwe eof the mean specific gravity of the earth, 4,
by the equation
GA:-i',—'
4r
where g is the acceleration due to gravity, and R the radius of
the earth ; and, accordingly, it is quite uswal to state that the
aim of the above experiments is to find the mean density of
the earth.

The work on the attraction of mountain masses by the
French Academicians Bouguer and de 1a Condamine in Peru is
of very great importance, and is not known as it deserves to
be; almost all of their account of the work is therefore here
presented. It will be seen that they were the pioneers in two
of the methods which have been nsed for the measurement of
gravitational attraction ; and although, on account of imper-
“fect instrnments and unfavourable local -conditions, their nu-
merical results are untrustworthy, they give the theory :and
method of the experiments with great originality and clear-
ness. Such notes have been added to the memoirs as seemed

vi




PREFACE

necessary to prevent the reader from wasting time over obscure
and inaccurate passages, and to suggest material for collateral .
reading. _ .

An effort has been made to present along with the memoirs
a brief historical account of the various modes of experiment
used for finding the mean specific gravity of the earth, and a
table of results is added. As the literature on the subject
before the present century is not always easily obtainable, the
treatment of the matter for that period is given in compara-
tively greater detail. Believing that a bibliography contain-
ing every important reference to the subject is an essential
feature of a work of this kind, the editor has endeavoured to
make himself familiar with the whole of the very extensive
literature relating to it, and accordingly is fairly confident
that no important memoir has escaped his observation. From
the mass of material thus collected the bibliography given at
the end of the volume has been compiled. In order to keep
within the limits of space assigned, some references had to
be omitted, but they relate mainly to recent work, and it is
believed that they contain nothing of importance.

No effort has been made to deal with the mathematical side
of the subject ; accordingly the memoirs of Laplace, Legendre,
Ivory, etc., which deal with the finding of the mean specific
gravity of the earth by means of analytical methods are not
referred to; but it is hoped that all the more important ex-
perimental investigations have been touched upon.

A. STANLEY MACKENZIE.
BeYN Mawr, October, 1899,
vii






HISTORY OF THE SUBJECT
BEFORE THE
APPEARANCE OF NEWTON'S “ PRINCIPIA”

DR. GILBERT’S contributions to the speculations on gravita-
tion are among the most important of the early writings on that
subject, although to Kepler also must credit be given for a
deep insight into its nature; the latter announces in his intro-
duction to the Astronomia Nova, published in 1609, his belief
in the perfect reciprocity of the action of gravitation, and in its
application to the whole material universe. Gilbert was led by
his researches on magnetism to the conclusion that the force of
gravity was due to the magnetic properties of the earth; and
in 1600 announced [1*, I, 21] his opinion that bodies when re-
moved to a great distance from the earth would gradually lose
their motion downwards. Thé earliest proposals we find for
investigating whether such changes occur in the force of gravity
are in the works of Francis Bacon [2, Nov. Org. 11, 36, and
Hist. Nat. 1, 33]. He maintained that this force decreased
both inwards and outwards from the surface of the éarth, and
suggested experiments to test his views. He would take two
clocks, one actuated by weights and the other by the compres-
sion of an iron spring, and regulate them so that they would
run at the same rate. The clock actuated by weights was then
to be placed at the top of some high steeple, and at the bottom
of a mine, and its rate at each place compared with that of the
other, which remained at the surface. There is no record of
any trial of the experiment at that time.

After the founding of the Royal Society of London a stimu-
lus was given to experimenting upon this as upon many other

* The numbers in brackets refer to the Bibliography.
A 1



MEMOIRS ON

subjects. A paper was read before that society by Dr. Power
[10, vol. 1, p. 133] on December 3, 1662, upon ‘“Subterraneous
Experiments.” A pound weight and 68 yards of thread
were put into one pan of a scale and counterpoised. The
‘weight was then lowered into a pit and attached by means of
the thread to the scale-pan held directly over the mouth of the
pit ; it was found to lose in weight by at least an ounce.* Three
weeks later Hooke [10, vol. 1, p. 163] made a report to the
society on some experiments he had performed at Westminster
Abbey. The report is worth reprinting, as giving some idea
of the method employed in such experiments, and of the state
of knowledge upon the subject at the time when Newton first
took it up. For it will be remembered that it was in 1665 that
Newton was led by his speculations on gravity to imagine that
gince this action did not sensibly diminish with small changes
in height, it might perhaps extend to the moon, and be the
cause of that body’s being retained in her orbit. Pursuing his
train of thought, he extended this explanation to the sun and
planets; and, taking into consideration Kepler’s laws, it was
therefore necessary that the force must fall off in the inverse
rutio of the square of the distance. When applying this law of
decrease from the earth to the moon, Newton used in deduc-
ing the length of the radius of the earth the rough estimate,
then current, of 60 miles to a degree of latitude, instead of
nearly 694 ; and as a consequence the calculated motion of the
moon did not agree with the observed motion. He thereupon
laid aside for the time being any further thought upon the
matter. His attention was again called to the subject by a
letter from Hooke in 1679, and, Picard having in the meantime
measured the earth, Newton was able to apply the correct data
to the problem and to arrive at a beautiful agreement of the
culculated with the observed behaviour of the moon. From
that time date the wonderful researches which were the founda-
tion of the Principia. 'The following is Hooke’s report :

““In prosecution of my Lord Verulam’s experiment concern-
ing the decrease of gravity, the farther a body is removed be-
low the surface of the earth, I made trial, whether any such
difference in the weight of bodies could be found by their

* According to Le Sage [ 84], Descartes had sugeested a similar under-
tuking twenty-five years earlier in a letter to Mersenue,
2



THE LAWS OF GRAVITATION

nearer or farther removal from that surface upwards. To this
end I took a pair of exact scales and weights, and went to a
convenient place upon Westminster Abbey, where was a per-
pendicular height above the leads of a subjacent building,
which by measure I found threescore and eleven foot. Here
counterpoising a piece of iron (which weighed about 15 ounces
troy) and packthread enoungh to reach from the top to the bot-
tom, I found the counterpoise to be of troy-weight seventeen
ounces and thirty grains. Then letting down the iron by the
thread, till it almost touched the subjacent leads, I tried what
alteration there had happened to its weight, and found, that
‘the iron preponderated the former counterpoise somewhat more
than ten grains. ‘Then drawing up the iron and thread with
all the diligence possibly I could, that it might neither get nor
lose any thing by touching the perpendicular wall, I found by
putting the iron and packthread again into its scale, that it -
kept its last equilibrium ; and therefore concluded, that it had
not received any sensible difference of weight from its nearness
to or distance from the earth. I repeated the trial in the same
place, but found, that it had not altered its equilibrium (as in
the first trial) neither at the bottom, nor after I had drawn it
up again ; which made me guess, that the first preponderating
of the scale was from the moisture of the air, or the like, that
had stuck to the string, and so made it heavier. In pursuance
of this experiment, I removed to another place of the Abbey,
that was just the same distance from the ground, that the for-
mer was from the leads; and upon repeating the trial there
with the former diligence, I found not any sensible alteration
of the equilibrinm, either before or after I had drawn it up;
which farther confirmed me, that the first alteration proceeded
from some other accident, and not from the differing gravity of
the same body.

“] think therefore it were very desirable, from the determi-
nation of Dr. Power’s trials, wherein he found such difference
of weight, that it were examined by such as have opportunity,
first, what difference there is in the density and pressure of
the air, and what of that condensation of gravity may be as-
cribed to the differing degrees of heat and cold at the top
and bottom, which may be easily tried with a common weather-
glass and a sealed-up thermometer ; for the thermometer will

shew what of the change is to be ascribed to heat and cold,
3
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and the weather-glass will shew the differing condensation.
Next, for the knowing, whether this alteration of gravity pro-
ceed from the density and gravity of the ambient air, it would
be requisite to make use of some very light body, extended
into large dimensions, such as a large globe of glass carefully
stopt, that no air may get in or out; for if the alteration
proceeded from the magnetical attraction of the parts of the
earth, the ball will lose but a sixteenth part of its weight (sup-
posing a lump of glass held the same proportion, that Dr.
Power found in brass); but if it proceed from the density of
the air, it may lose half, or perhaps more. Further, it were
very desireable, that the current of the air in that place were
observed, as Sir Robert Moray intimated the last day. Fourth-
ly, I think it were worth tria to counterpoise a light and heavy
. body one against another above, and to carry down the scales

and them to the bottom, and observe what happens. Fifthly,
it were desireable, that trials were made, by the letting down of
other both heavier and lighter bodies, as lead, quicksilver, gold,
stones, wood, liquors, animal substances, and the like. Sixthly,
it were to be wished, that trial were made how that gravitation
does decrease with the descent of the body—that is, by making
trial, how much the body grows lighter at every ten or twenty
foot distance. These trials, if accurately made, would afford
a great help to guess at the cause of this strange phaenom-
enon.”

Dr. Power’s experiment was repeated by Dr. Cotton, and an
account of his trials was given to the Society on June 1, 1664
[10, vol. 1, p. 433]. The weight was } 1b., and the length of the
string 36 yards. A loss in weight of } oz. was found.

On Sepiember 1, 1664 [6, vol. 5, p. 307], we find a reference
to some experiments made at St. Paul’s Cathedral by a com-
mittee of the Royal Society consisting of Sir R. Moray, Dr.
Wilkins, Dr. Goddard, Mr. Palmer, Mr. Hill and Mr. Hooke.
The results of these experiments were given to the Society on
September 14, 1664 [10, vol. 1, p. 466] ; the weight was 15 1bs.
troy, the string about 200 ft. long, and the loss of weight 1
drachm. In a letter to Mr. Boyle [6, vol. 5, p. 536], dated
September 15th, Mr. Hooke gives more details, and remarks
that the balance was sensitive enough to be turned by a few
grains. He suggests the variation of the density of the air as

the cause of the loss in weight. Boyle [10, vol. 1, p. 470] pro-
4
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posed that Hooke’s suggestion be tested by making the sus-
pended weight of a large glass ball loaded with mercury.

At a meeting of the Royal Society on March, 14, 1665, Hooke
reported [10, vol. 2, p. 66, and 6, vol. 5, p. 544] that he had
tried Dr. Power’s experiment at some wells near Epsom and
had found no loss in weight. Similar experiments were made
by Hooke -at Banstead Downs, in Surrey, and reported on
March 21, 1666 [10, vol. 2, p. 69, and 6, vol. 5, pp. 355 and
546]. The string was 330 ft. long, and the balance sensitive
to a grain, yet a pound shewed no change in weight when sus-
pended at the bottom of the well. He concludes that the
power of gravity cannot be magnetical, as Gilbert had sup-
posed. He says: ¢ But in truth upon the consideration of the
nature of the theory, we may find, that snpposing it true, that
all the constituent parts of the earth had a magnetical power,
the decrease of gravity would be almost a hundred times less
than a grain to a pound, at as great a depth as fifty fathom ;
for if we consider the proportion of the parts of the earth
placed upon one side beneath the stone, with the parts on the
other side above it, we may find the disproportion greater.
Unless we suppose the magnetism of the parts to act but at a
very little distance, which I think the experiments made in the
Abbey and St. Paul’s will not allow of. If therefore.there be
any such inequality of gravity, we must have some ways of
trial much more accurate than this of scales, of which I shall
propound two sorts,” etec. It is interesting to notice that the
considerations upon which he makes his computations are prac-
tically those used by Airy in his Harton Colliery experiment.

On December 7, 1681 [10, vol. 4, p. 110], Hooke produced
before the society two pendulum-clocks adjusted to run at the
same rate. He proposed to put one at the top and the other
at the bottom of the monument on Fish Street Hill, and ob-
serve whether they would keep together. No notice of his
having tried the experiment has been found. This is the
method proposed by Bacon and used by Bouguer and many
others. :

In 1682, Hooke read before the Royal Society ‘“ A Discourse
of the Nature of Comets” [4, pp. 149-191], in which he gives
his ideas on the subject of gravity (particularly on pages 170-
183). He considers gravity to be a universal principle, in-
herent in all matter, propagated by the same medium as that

5
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by means of which light is conveyed, with unimaginable celer-
ity, to indefinitely great distances, and with a power varying
with the distance. He sums up his conceptions on gravitation
in nine propositions, which are of great interest, in that they
. include many of the conceptions of Newton on this subject,
‘and yet were published four years before the Principia ap-
peared. )
6
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THE MATHEMATICAL PRINCIPLES OF
NATURAL PHILOSOPHY
AND

SYSTEM OF THE WORLD

BY

SIR [SAAC NEWTON

Book I. ProposiTioN LXXI1V. TrEorEM XXXIV.

The same things supposed (if to the several points of a given
sphere there tend equal centripetal forces decreasing in a du-
plicate ratio of the distances from the points), / say, that a cor-
puscle situate without the sphere is attracted with a force recip-
rocally proportional to the square of its distance from the
centre. ,

Book I. ProrositioN LXXV. THEOREM XXXV.

If to the several points of a given sphere there tend equal cen-
tripetal forces decreasing in a duplicate ratio of the distances
from the points ; Isay, that another similar sphere will be attract-
ed by it with a force reciprocally proportional to the square of the
distance of the centres.

For the attraction of every particle is reciprocally as the

-square of its distance from the centre of the attracting sphere
(by prop. 74), and is therefore the same as if that whole at-
tracting force issued from one single corpuscle placed in the
centre of this sphere. But this attraction is as great as on the
other hand the attraction of the same corpuscle would be, if
that were itself attracted by the several particles of the attract-
ed sphere with the same force with which they are attracted by

9

.~



MEMOIRS ON

it. But that attraction of the corpuscle would be (by prop. 74)
reciprocally proportional to the square of its distance from the
centre of the sphere; therefore the attraction of the sphere,
equal thereto, is also in the same ratio. Q. E. D.

Cor. 1. The attractions of spheres towards other homogene-
ous spheres are as the attracting spheres applied to the squares
of the distances of their centres from the centres of those
which they attract.

Cor. 2. The case is the same when the attracted sphere does
also attract. For the several points of the one attract the sev-
eral points of the other with the same force with which they
themselves are attracted by the others again; and therefore
since in all attractions (by law 3) the attracted and attracting
point are both equally acted on, the force will be doubled by
their mutual attractions, the proportions remaining.

[ Proposition LXXVI. proves the same thing for spheres made
up of homogeneous concentric layers. ]

Book III. ProrosiTIoON V. THEOREM V. SCHOLIUM.

The force which retains the celestial bodies in their orbits
has been hitherto called centripetal force; but it being now
made plain that it can be no other than a gravitating force,
we shall hereafter call it gravity. For the cause of that cen-
tripetal force which retains the moon in its orbit will extend
itself to all the planets.

Book III. ProrositioN VI. THEOREM VI.

That all bodies gravitate towards every planet ; and that the
weights of bodies towards any the same planet, at equal distances
from the centre of the planet, are proportional to the quantities
of matter which they severally contain.

" It has been, now of a long time, observed by others, that all
sorts of heavy bodies (allowance being made for the inequality
of retardation which they suffer from a small power of resist-
ance in the air) descend to the earth from equal heights in
equal times ; and that equality of times we may d.istinguish to
a great accuracy, by the help of pendulums. T tried the thing
in gold, silver, lead, glass, sand, common salt, wood, water,

and wheat. I provided two wooden boxes, round and equal ;
10
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I filled the one with wood, and suspended an equal weight of
gold (as exactly as I could) in the centre of oscillation of the
other. The boxes hanging by equal threads of 11 feet made a
couple of pendulums perfectly equal in weight and figure, and
equally receiving the resistance of the air. And, placing the
one by the other, I observed them to play together forwards
and backwards, for a long time, with equal vibrations. .
and the like happened in the other bodies. By these experi-
ments, in bodies of the same weight, I could manifestly have
discovered a difference of matter less than the thousandth part
of the whole, had any such been. But, without all doubt, the
nature of gravity towards the planets is the same as towards
the earth. . . . Moreover, since the satellites of Jupiter per-
form their revolutions in times which observe the sesquiplicate
proportion of their distances from Jupiter’s centre, their accel-
erative gravities towards Jupiter will be reciprocally as the
squares of their distances from Jupiter’s centre—that is, equal
at equal distances. And, therefore, these satellites, if sup-
posed to fall fowards Jupiter from equal heights, would describe
equal spaces in equal times, in like manuer as heavy bodies do
on our earth. . . . If, at equal distances from the sun, any sat-
ellite, in proportion to the quantity of its matter, did gravitate
towards the sun with a force greater than Jupiter in propor-
tion to his, according to any-given proportion, suppose of d to
e; then the distance between the centres of the sun and of the
satellite’s orbit would be always greater than the distance be-
tween the centres of the sun and of Jupiter nearly in the sub-
duplicate of that proportion ; as by some computations I have
found. And if the satellite did gravitate towards the sun
with a force, lesser in the proportion of ¢ to d, the distance of
the centre of the satellite’s orbit from the sun would be less
than the distance of the centre of Jupiter from the sun in the
snbduplicate of the same proportion. Therefore if, at equal
distances from the sun, the accelerative gravity of any satell-
ite towards the sun were greater or less than the accelerative
gravity of Jupiter towards the sun but by one 1345 part of the
whole gravity, the distance of the centre of the satellite’s orbit
from the sun would be greater or less than the distance of Ju-
piter from the sun by one g4 part of the whole distance—
that is, by a fifth part of the distance of the utmost satellite

from the centre of Jupiter ; an eccentricity of the orbit which
11
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would be very sensible. But the orbits of the satellites are
concentric to Jupiter, and therefore the accelerative gravities
of Jupiter, and of all its satellites towards the sun, are equal
among themselves.

But further; the welghts of all the parts of every planet
towards any other planet are one to another as the matter in
the several parts; for if some parts did gravitate more, others
less, than for the quantity of their matter, then the whole
planet, according to the sort of parts with which it most
abounds, would gravitate more or less than in proportion to
the quantity of matter in the whole. Nor is it of any moment
whether these parts are external or internal ; for if, for exam-
ple, we should imagine the terrestrial bodies with us to be
raised up to the orb of the moon, to be there compared with
its body; if the weights of such bodies were to the weights of
the external parts of the moon as the quantities of maiter in
the one and in the other respectively ; but to the weights of
the internal parts in a greater or less proportion, then likewise
the weights of those bodies would be to the weight of the
whole moon in a greater or less proportlon against what we
have shewed above.

Cor. 1. Hence the weights of bodies do not depend upon
their forms and textures ; for if the weights could be altered
with the forms, they would be greater or less, according to the
variety of forms, in equal matter; altogether against experience.

Cor. 2. Universally, all bodies about the earth gravitate
towards the earth ; and the weights of all, at equal distances
from the earth’s centre, are as the quantities of matter which
they severally contain. This is the quality of all bodies within
the reach of our experiments ; and therefore (by rule 3) to be
affirmed of all bodies whatsoever. . . .

Cor. 5. The power of gravity is of a different nature from the
power of magnetism ; for the magnetic attraction is not as the
matter attracted. Some bodies are attracted more by the
magnet ; others less ; most bodies not at all. The power of
magnetism in one and the same body may be increased and
diminished ; and is sometimes far stronger, for the quantity of
matter, than the power of gravity ; and in receding from the
magnet decreases not in the duplicate but almost in the tri-
plicate proportion of the distance, as nearly as I could judge
from some rude observations.

’ 12
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Book IIl. ProrositioN VII. TraEOREM VII.

That there is a power of gravity tending to all bodies, pro-
portional to the several quantities of matter which they contain.

That all the planets mutually gravitate one towards another,
we have proved before; as well as that the force of gravity
towards every one of them, considered apart, is reciprocally as
the square of the distance of places from the centre of the
planet. And thence (by prop. 69, book I, and its conollaries)
it follows, that the gravity tending towards all the planets is
proportional to the matter which they contain. .

Moreover, since all the parts of any planet A gravitate to-
wards any other planet B; and the gravity of every part is to
the gravity of the whole as the matter of the part to the matter
of the whole ; and (by law 3) to every action corresponds an
equal reaction ; therefore the planet B will, on the other hand,
gravitate towards all the parts of the planet A ; and its gravity
towards any one part will be to the gravity towards the whole
as the matter of the part to the matter of the whole. Q. E. D.

Cor. 1. 'Therefore the force of gravity towards any whole
planet arises from, and is compounded of, the forces of gravity
towards all its parts. Magnetic and electric attractions afford
us examples of this ; for all attraction towards the whole arises
from the attractions towards the several parts. The thing may
be easily understood in gravity, if we consider a greater planet
as formed of a number of lesser planets meeting together in
one globe ; for kence it would appear that the force of the whole
must arise from the rorces of the component parts. If it is
objected that, according to this law, all bodies with us must
mutually gravitate one towards another, I answer, that since
the gravitation towards these bodies is to the gravitation to-
wards the whole earth as these bodies are to the whole earth,
the gravitation towards them must be far less than to fall under
the observation of our senses.

Cor. 2. The force of gravity towards the several equal par-
ticles of any body is reciprocally as the square of the distance
of places from the particles ; as appears from cor. 3, prop. 74,
book I.

[ Under proposition X occurs the following important passage :]
However the planets have been formed while they were yet

in fluid masses, all the heavier matter subsided to the centre.
13
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Since, therefore, the common matter of our earth on the sur-
face thereof is about twice as heavy as water, and a little lower,
in mines, is found about three, or four, or even five times more
heavy, it is probable that the quantity of the whole matter of
the earth may be five or six times greater than if it consisted
all of water.*

[Under propositions X VIII. and XIX., Newton proves that
the axes of the planets are less than the diameters drawn perpen-
dicular to the axes. He shows how centrifugal force acts in
determining the form of the earth, and discusses the measurements
of terrestrial arcs known at that time; he deduces therefrom that
gravity will be les ened at the equator by w44 of itself, and that
the earth will be higher at the equator than at the poles by 17.1
miles. ]

Book IlI. PropositioN XX. ProBLEM IV.

To find and compare together the weights of bodies in the dif-

Serent regions of our earth. .
Because the weights of the unequal legs of the canal of water
ACQgca are equal ; and the weights of the parts proportional
to the whole legs, and alike sitnated

Aa .

- in them, are one to another as the
T . . weights of the wholes, and therefore
A equal betwixt themselves; theweights
of equal parts, and alike situated in
the legs, will be reciprocally as the
legs—that is, reciprocally as 230 to
229. And the case is the same in
\ all homogeneous equal bodies alike
N situated in the legs of the canal.
R Their weights are reciprocally as the
Fig. a legs—that is, reciprocally as the dis-
tances of the bodies from the centre of the earth. Therefore,
if the bodies are sitnated in the uppermost parts of the canals,
or on the surface of the earth, their weights will be one to an-
other reciprocally as their distances from the centre. And, by |,
the same argument, the weights in all other places round the
whole surface of the earth are reciprocally as the distances of

4

*[ This was a wonderfully good guess on Newton’s part, since the best of the
later determinations give about 5.5 for the mean specific gravity of the earth.)
14
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the places from the centre; and, therefore, in the hypothesis
of the earth’s being a spheroid, are given in proportion.

[Newton then states that < the lengths of pendulums vibrating
1n equal times are as the forces of gravity”; he enumerates the
experiments on the periods of pendulums made at different parts
of the eartl’s surface, and tests his conclusions.

The following remarks appear on pp. 20-25 of Motte’s transla-
tion of the ““de Mundi Systemate,” wherein Newton, after a
reference to his pendulum experiments, given on p. 11 of this
volume, says :]

Since the action of the centripetal force upon the bodies at-
tracted is, at equal distances, proportional to the quantities of
matter in those bodies, reason requires that it should be also
proportional to the quantity of matter in the body attracting.

For all action is mutual, and (by the third law of motion)
makes the bodies mutually to approach one to the other, and
therefore must be the same in both bodies. It is true that we
may consider one body as attracting, another as attracted; but
this distinction is more mathematical than natural. The at-
traction is really common of either to other, and therefore of
the same kind in both.

And hence it is that the attractive force is found in both.
The sun attracts Jupiter and the other planets; Jupiter at-
tracts its satellites ; and, for the same reason, the satellites act
as well one upon another as upon Jupiter, and all the planets
mutually one upon another.

And though the mutual actions of two planets may be dis-
tinguished and considered as two, by which each attracts the
other, yet, as those actions are intermediate, they do not make
but one operation between two terms. Two bodies may be
mutually attracted each to the other by the contraction of a
cord interposed. There is a double cause of action, to wit, the
disposition of both bodies, as well as a double action in so far
as the action is considered as upon two bodies ; but as betwixt
two bodies it is but one single one. It is not one action by
which the sun attracts Jupiter, and another by which Jupiter
attracts the sun; but it is one action by which the sun and
Jupiter mutually endeavour to approach each the other. By
the action with which the sun attracts Jupiter, Jupiter and
the sun endeavour to come nearer together (by the third law of
motion); and by the action with which Jupiter attracts the

15
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sun, likewise Jupiter and the sun endeavour to come nearer to-
gether. But the sun is not attracted towards Jupiter by a
twofold action, nor Jupiter by a twofold action towards the
sun; but it is one single intermediate action, by which both
approach nearer together. :

Thus iron draws the loadstone as well as the loadstone
draws the iron ; for all iron in the neighbourhood of the load-
stone draws other iron. But the action betwixt the loadstone
and iron is single, and is considered as single by the philoso-
phers. The action of iron upon the loadstone is, indeed, the
action of the loadstone betwixt itself and the iron, by which
both endeavour to come nearer together ; and so it manifestly
appears, for if you remove the loadstone the whole force of the
iron almost ceases.

In this sense it is that we are to conceive one single action
to be exerted betwixt two planets, arising from the conspiring
natures of both; and this action standing in the same relation
to both, if it is proportional to the quantity of matter in the
one, it will be also proportional to the quantity of matter in
the other. '

Perhaps it may be objected that, according to this phil-
osophy (prop. 74, book I), all bodies should mutually attract
one another, contrary to the evidence of experiments in ter-
restrial bodies; but I answer that the experiments in terres-
trial bodies come to no account ; for the attraction of homo-
geneous spheres near their surfaces are (by prop. 72, ‘book
I) as their diameters. Whence a sphere of one foot in diam-
eter, and of a like nature to the earth, would attract a small
body placed near its surface with a force 20,000,000 * times less
than the earth would do if placed near its surface; but so
small a force could produce no sensible effect. If two such
spheres were distant but by one-quarter of an inch, they would
not, even in spaces void of resistance, come together by the
force of their mutual attraction in less than a month’s time ;¢

*[If the sphere i3 one foot in dimmeter, this number should be 40,000,000,
since the diameter of the earth is about 40,000,000 ft. But perhaps Newton
intended to say a sphere of one foot in radius.] .

t [ The time 58 very much less. On the assumption that each of the spheresis
one foot in diameter, Poynting (185, p. 10) finds the time to be about 320 sec-
onds. If, however, we take one foot as the radius of each sphere, Todhunter
(140, vol. 1, p. 461) shows that the time :‘; less than 250 seconds. ]

1
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and less spheres will come together at a rate yet slower, viz.,
in the proportion of their diameters. Nay, whole mountains
will not be sufficient to produce any sensible effect. A moun-
tain of an hemispherical figure, three miles high and six broad,
will not, by its attraction, draw the pendulum two min-
utes * out of the true perpendicular; and it is only in the
great bodies of the planets that these foices are to be per-
ceived, unless we may reason about smaller bodies in manner
following.t

Let ABCD represent the globe of A—
the earth cut by any plane, AC, into
two parts, ACB and ACI). The part
ACB bearing upon the part ACD
presses it with its whole weight ; nor B D
can the part ACD sustain this press-
ure, and continue unmoved, if it is
not opposed by an equal contrary
pressure. And therefore the parts C
equally press each other by their Fig.b
weights—that is, equally attract each
other, according to the third law of motion; and, if separated
and let go, would fall towards each other with velocities re-
ciprocally as the bodies. All which we may try and see in the
loadstone, whose attracted part does not propel the part at-
tracting, but is only stopped and sustained thereby.

Suppose now that ACB represents some small body on the
earth’s surface ; then, because the mutual attractions of this
particle, and of the remaining part ACD of the earth towards
each other, are equal, but the attraction of the particle towards
the earth (or its weight) is as the matter of the particle (as we
have proved by the experiment of the pendulums), the at-
traction of the earth towards the particle will likewise be as
the matter of the particle; and therefore the attractive forces of
all terrestrial bodies will be as their several quantities of matter.

The forces (prop. 71, book I), which are as the matter in

* [ Maskelyne (31) says with reference to this - ** It will appear, by a very easy
calculation, that such a mountain would attract the plumb-line 1' 18" from the
perpendicular.”]

t [ This paragraph is of great importance, because in it Newton indicales
the methods of all the experiments yet made in order to measure gravitational
attraction in terrestrial bodies.]

B 17



MEMOIRS ON

terrestrial bodies of all forms, and therefore are not mutable
with the forms, must be found in all sorts of bodies whatsoever,
celestial as well as terrestrial, and be in all proportional to their
quantities of matter, because among all there is no difference
of substance, but of modes and forms only. But in celestial
bodies the same thing is likewise proved thus. We have shewn
that the action of the circumsolar force upon all the planets
(reduced to equal distances) is as the matter of the planets;
that the action of the circumjovial force upon the satellites of
Jupiter observes the same law; and the same thing is to be said
of all the planets towards every planet; but thence it follows
(by prop. 69, book I) that their attractive forces are as their
several quantities of matter. _

As the parts of the earth mutually attract one another, so
do those of all the planets. - If Jupiter and its satellites were
brought together, and formed into one globe, without doubt
they would continue mutually to attract one another as before.
And, on the other hand, if the body of Jupiter was broken into
more globes, to be sure, these would no less attract one another
than they do the satellites now. From these attractions it is
that the bodies of the earth and all the planets effect a spheri-
cal figure, and their parts cohere, and are not dispersed through
the mther. But we have before proved that these forces arise
from the universal nature of matter (prop. 72, book I), and
that, therefore, the force of any whole globe is made up of the
several forces of all its parts. And from thence it follows (by
cor. 3, prop. 74) that the force of every particle decreases in
the duplicate proportion of the distance from that particle;
and (by prop. 73 and 75, book I) that the force of an entire
globe, reckoning from the surface outwards, decreases in the
duplicate, but, reckoning inwards, in the simple proportion of
the distances from the centres, if the matter of the globe be
uniform. And though the matter of the globe, reckoning from
the centre towards the surface, is not uniform (prop. 73, book
I), yet the decrease in the duplicate proportion of the distance
outwards would (by prop. 76, book I) take place, provided that
difformity is similar in places round about at equal distances
from the centre. And two such globes wil' (by the same prop-
osition) attract one the other with a force decreasing in the
duplicate proportion of the distance between their centres.

Wherefore the absolute force of every globe is as the quan-

18
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_ tity of matter which the globe contains; but the motive force

by which every globe is attracted towards another, and which,
in terrestrial bodies, we commonly call their weight, is as the
content under the quantities of matter in both globes applied
to the square of the distance between their centres (by cor. 4,
prop. 76, book I), to which force the quantity of motion, by
which each globe in a given time will be carried towards the
other, is proportional. And the accelerative force, by which
every globe according to its quantity of matter is attracted
towards another, is as the quantity of matter in that other globe
applied to the square of the distance between the centres of
the two (by cor. 2, prop. 76, book I); to which force the ve-
locity by which the attracted globe will, in a given time, be
carried towards the other is proportional. And from these
principles well understood, it will be now easy to determine
the motions of the celestial bodies among themselves.

SIrR Isaac NEwTON was born at Woolsthorpe, near Grant-
ham, in Lincolnshire, in 1642. He was educated at the Grant-
ham grammar-school, entered Trinity College, Cambridge, in
1661, and received his degree four years later. He at once
began to make those magnificent discoveries in mathematics
and physics which have made his name immortal. In 1665 he
committed to writing his first discovery on fluxions, and shortly
afterward made the unsuccessful attempt, to which we have
already referred, to explain lunar and planetary motions. He
next turned his attention to the subject of optics ; his work in
that field includes the discovery of the unequal refrangibility
of differently coloured lights, the compositeness of white light
and chromatic aberration. Having erroneously concluded that
this aberration could not be rectified by a combination of lenses,
he turned his attention to reflectors for telescopes and made a
great advance in that direction. His name is also closely iden-
tified with the colours due to thin plates. From 1669 to 1701
he was Lucasian professor of mathematics at Cambridge. He
was elected to membership in the Royal Society in 1671, and
from 1703 until his death was its president ; he became a mem-
ber of the Paris Academy in 1699. The publication of his work
on Optics had caused some controversy, and such a lover of
peace was Newton, and so little did he care for the praise of
: 19
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the world, that it was only at the earnest solicitation of Halley
that he was willing to give to the public the results of his won-
derful researches on central orbits, and universal gravitation ;
these included an explanation of the lunar inequalities, the
figure of the earth, the precession of the equinoxes and the
tides, and a method of comparing the masses of the heavenly
bodies. In 1669 he became a member of Parliament, in 1696
Warden of the Mint, and from 1699 until his death was Master
of the Mint. He gave much valuable aid in the recoinage of
the money and in questions of finance at this period. He was
knighted in 1705. During the latter years of his life much of
his time was devoted to his public duties. He died in 1727,

and was buried in Westminster Abbey.
20
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SECTION VII. OF BOUGUERS FIGURE
OF THE EARTH

ACCOUNT OF THE EXPERIMENTS OR OBSERVATIONS ON GRAV-
ITATION, WITH REMARKS ON THE CAUSES OF
THE FIGURE OF THE EARTH

1. HaviNe discussed everything that bears on the earth con-
sidered as a geometrical body, it remains for us, before terminat-
ing this work, to verify the facts which give us some slight
knowledge of the interior conformation of this great mass con-
sidered as a physical body. . . .

2. The first question which presents itself on this matter is
a consideration of the part played in the flattening of the earth
by the attraction which compresses it from all sides, urging all
masses towards certain points. We know, since M. Richer first
remarked it (in 1672 in Cayenne), that this force is not every-
where the same. It is greater towards the poles, and less to-
wards the equator. This agrees perfectly with the figure of the
eirth, which appears to have yielded a little to the great press-
ure at the poles, and to be slightly elevated, on the contrary,
at the equator, where the compressing force was more feeble.
But does the effect correspond exactly to the cause upon which
we desire it to depend? Isthe difference in attraction so great
that we can attribute to it all the inequality which exists, as
we have seen, between the two diameters of our globe ? To
answer this question it is necessary to determine, by exact ex-
periment, how much the attraction actually differs in different
parts of the earth. . . . We have two methods for observing
the change in attraction as we pass from one region to another ;
we have only to examine how much more quickly or more
slowly a pendulum of given length oscillates; or else to find

the length of the pendulum whose time of vibration is exactly
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a second ; the differences which we shall find in the length of
this pendulum will determine the changes of the attraction as
we go from one region to another.

I

ACCOUNT OF THE EXPERIMENTS MADE FOR THE PURPOSE OF
DETERMINING THE LENGTH OF THE SECONDS-PENDULUM

3. My .first experiments with the pendulum were made at
Petit-Goave in the island of St. Domingue. They are reported
in the memoirs of the Academy for 1735 and 1736. .

4. The instrument which I almost always used, and which I
still use, is extremely simple. I make the pendulum always
exactly of the same length, and I compare its oscillations with
those of a clock which I regulate by daily observations. It is
not, properly speaking, by the different lengths of the pend-
ulum that I judge of the intensity of gravitation at different
places; I judge of it only by the greater or less rapidity of the
oscillations, or by the number of oscillations made by the pend-
ulum in 24 hours. . . . It appears to me to be much easier to
count the number of oscillations than to measure directly dif-
ferences of a few hundredths of a line* in the length of the
pendulum. .

[Then follows an account of his pendulum. The bob was of
copper, composed of two equal truncated cones joined at their
greater bases. The thread was a fibre of aloe, which is not af-
Jected by the weather. The length was maintained constant by
having it always so that an tron rule just fitted in between the
clamp and the bob. The length of the equivalent simple pendulum
was 36 pouces, 7.015 lines.

Bouguer gives a description of a scale fixed behind the pend-
wlum, by means of which he could observe the decrement and the
time required by the pendulum to gain an oscillation on the
clock.

10. ]It is time to relate the experiments. . . . I shall choose

one of those which I made on the rocky summit of Pichincha .

[2434 toises above sea-level], in the month of August, 1737. The -

* [72 pouces =1 toise = 1.949 metres = 6.3945 ft. 12 lines =1 pouce ]
24



THE LAWS OF GRAVITATION

force of attraction was feeble, not only because we were nearly
over the equator at this place, but also because we were at a
very great height above the surface of the sea. . . .

[Details of experiment.]

12. ... We find in this way that the pendulum which beats
seconds at the equator, and in the highest accessible place on
the earth, is 36 pouces 6.69 lines in length. I made other ex-
periments at the same place which agreed as exactly as possible
with this result. [One made by Don Antonio de Ulloa gave 36
pouces, 6.715 lines. We may take as the mean 36 pouces, 6.70
lines.] .

13. I have found by the same proceedings and with the aid
of the same instruments, the length of the seconds-pendulum
at Quito [1466 foises above sea-level], to be 36 pouces, 6.82 or
6.83 lines. I have verified it at different times and in all sea-
sons of the year: at times of aphelion and perihelion, at the
equinoxes, and when the sun was at intermediate points; the
extreme results were 36 pouces, 6.79 lines and 6.85 lines, with
no differences which could not be attributed to the inevitable
errors of observation. . . .

[ The question of a possible yearly change vs discussed.

Ezperiments were made with the same apparatus, in 1740, at
VIsle de UInca, 14" or 15" from the equator, and scarcely 40 toises
above sea-level. Bouguer regards this determination as that of
the true equinoctial pendulum.]

15.

Place Length found by experiment

‘ 2434 toises absolute height. | 36 pouces, 6.70 lines.
Under the equator ut) 1466 o “ . ¢ 6.8

Sea-level. . . . . . .| ¢ “roT ¢
At Portobello, 9° 34’ N. latitude . . . . . .| * ‘o716 ¢
At Petit-Goave, 18° 27" L ¢« 733 ¢
AtParis . . . . . . . . . .. .0 “ 858 ¢

CORRECTIONS WHICH MUST BE APPLIED TO THE LENGTH OF
THE PENDULUM AS DETERMINED DIRECTLY FROM
THE EXPERIMENTS.

16. [Bouguer remarks that these corrections arise from changes
in temverature and in the constitution of the atmosphere.] 'The
2
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first cause does not really change the length, it only makes it
appear different according as the measures we use are differ-
ently altered by heat or cold; but the other cause brings in a
real inequality, since it produces nearly the same eﬁect as if
the weight were greater or smaller. .

17. . Since the temperature of tho does not differ from
that of Paris in the middle of spring, we have only to refer all
our results to it. That is, without altering the lengths of the
pendulum found in these two cities, we have only to correct all
the others by increasing or diminishing them, according as the
metal rules we used were expanded by the heat or contracted
by the cold. [He concludes from his experiments that a change
of length of pendulum of .02 lines corresponds to a change of
temperature of 3°R. Hence he had to add .075 lines to the length
JSound at sea-level, and subtract .05 lines from that found at
Pichincha.]

18. There is little more difficulty in finding the alteration in
the length of the pendulum caused by the medium in which
the experiments are made. This medium,whether rare or dense,
has a certain weight, and that of the small mass of copper, of
which the bob of the pendulum is formed, is a little lessened
by it. The small mass tends to fall to the earth with only the
excess of its weight above that ot the air which -surrounds it.
Thus our pendulums are acted on by a force a little less than if
we had performed the experiments ¢n vacuo: and the length
of the seconds-pendulum, which we found directly from experi-
ment, is a little too short in the same proportion.

19. The use of the barometer enables us to find the ratio be-
tween the weight of mercury and of air in all the parts of the
atmosphere which are accessible. We observe how many feet
it is necessary to ascend or descend in order to change the
height of the mercury by a line. . . . I have found in this way
that it was only necessary to express the first (the weight of
air) by unity, at the summit of Pichincha, if one expressed that
of copper by 11000. . . . So I always found the seconds-pend-
ulum too small by {7455th part. To correct for this error
we must add .04 lines [at Pichincha ; .05 at Quito ; .06 at sea-
level.] . .. This is the first time that any one has taken ac-
count of this small correction which enters into the experi-
ments, but we cannot neglect it if we wish to attain the greatest

accuracy. . . .
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[ Bouguer then proves that the time of vibration is not appreci-
ably affected by the resistance of the air.]*

22. Corrected lengths of the seconds-pendulum, or such as
they would be if the oscillations were made % vacuo.

Place.

$2434 toises absolute beight. | 86 pouces,6.69 lines.
Under the equator at-l 1466 e ‘¢ ' 688

Sen-level . R 721 -
At Portobello, 9° 84’ N. latitude . . . . . .| * 780
At Petit-Goave, 18227 ¢« ¢ . . . . . . .| “ 747 ¢
At Paris . T o 8.67 «

I

COMPARISON OF ATTRACTION AND THE CENTRIFUGAL FORCE
WHICH BODIES ACQUIRE BY THE MOTION OF THE EARTH
ABOUT ITS AXIS, WITH REMARKS ON THE EFFECTS
OF THESE TWO FORCES.

[ Bouguer finds that the primitive attraction (that is, the attrac-
tion the earth would have if it were at rest) is to the centrifugal
force as 28843 : 1. He gives a table showing the decrease in the
length of the seconds-pendulum at various latitudes, due to the
centrifugal force. The following headings will give an idea of
the matter contained in the rest of this chapter.]

The centrifugal force produced by the motion of the earth
about its axis is not sufficient to produce the observed differ-
ences in weight.

The primitive attraction does not tend towards a common
point as centre.

III

REMARKS ON THE DIMINUTION IN THE ATTRACTION AT DIF-
FERENT HEIGHTS ABOVE THE LEVEL OF THE SEA.

40. The experiments with the pendulum which we have
made at Quito and on the summit of Pichincha teach us that

* [ See note on. page 66]
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the attraction changes with the distance from-the centre of the
earth. This force goes on diminishing as we ascend; I have
found the pendulum at Quito to be shorter than at sea-level by
.33 lines, or the ygyth part: and in mounting to the summit of
Pichincha the pendulum is shortened again by .19 lines, and is
gizth part shorter than at sea-level.* One cannot attribute
these differences to the centrifugal force, which, being greater
the higher we ascend, ought to diminish a little further the
primitive attraction. The centrifugal force is increased by the
height of the mountain by the yg4yth part only, and as it is
itself but the z§zth part of the weight, it is clear that its new
increase corresponds to .001 lines only in the length of the
pendulum, and so does not sensibly contribute to the dimi-
nution of the other force.

41. If we compare the shortening which the pendulum re-
ceives with the height at which the experiment was made, we
see that the forces do not decrease in the simple inverse ratio
of the distances from the centre of the earth, but that they
follow rather the proportion of the square. Quito is 1466
toises above sea-level, or gzlerth of the radius of the earth ; but
it has been found that the attraction is less by a fraction much
more considerable—namely, by a gl5yth part, which is nearly
double; this is not very far from the inverse ratio of the
square of the distance. . . . We have a second example in the
experiment made on Pichincha. The absolute height of this
mountain, which is 2434 toises above sea-level, is ;545th of the
radius of the earth. The diminution of the length of the pend-
ulum, or of the attraction, ought then to be the z};th part,
if it is to be in the inverse ratio of the square of the distance ;
but it was by no means so great—in fact, only the g1zth part.

42. This diminution in attraction, as we go above sea-level, is
quite in conformity with what we otherwise know. We can
compare with the attraction here experimented upon that
which keeps the moon in its orbit, or which obliges it con-
tinually to perform a circle about us. These two forces are
exactly in the inverse ratio of the squares of the distances
from the centre of the earth. We can make the same ex-

* [ Pendulum observations were made at these and other places in Peru by de
la Condamine also (8, pp. 70, 144, 162-169). For a complete bibliography of
pendulum experiments, see that published by La Sociélté Frangaise de Physique

(178, vol. 4).]
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amination with respect to the principal planets which have
several satellites, or with respect to the sun, towards which
all the principal planets are attracted, and we shall always
find the law of the square. Why, then, do our experiments
constantly give a law not entirely in agreement with this?
Is it necessary to attribute the difference to some error on
our part ; or can it be that in the neighborhood of great masses
like the earth the law under consideration is observed in an
imperfect manner only ?

43. We shall find ourselves in a position to solve this diffi-
culty, perhaps, by remarking that the Cordilleras, on which we
were placed, form a kind of plateau, or, what in certain ways
amounts to the same thing, the surface of the earth is there
carried to a greater height or to a greater distance from the
centre. There is reason for believing that in this second
case the attraction would be a little greater ; for it is natural
to think that it depends upon the size of the attracting mass.
There are then two things to be considered in the case of
the experiments on the pendulum which I have reported.
These experiments were made
at a great height above the av-
erage surface of the earth, and
therefore the attraction ought
to be found a little less. But,
on the other hand, the group
of mountains on which Quito is
placed and on which Pichincha
rises, and all the other sum-
mits to which it acts as a
plinth, ought to produce nearly
the same effect as if the earth
at this place were larger or had
a greater radius. The attrac-
tion on this account ought to increase. Thus it depends on
a kind of chance, or, to speak more philosophically, it de-
pends on circumstances which we do not yet know, whether
the attraction at Quito will be equal to that at sea-level, or be
smaller or larger.

44. Suppose that the circle ADD represents the circum-
ference of the earth, of which C is the centre, and that Aa
is the amount by which Quito, sitnated at a, is elevated
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above sea-level. Imagine a new spherical shell of terrestrial
matter, occupying all the interval between the two coucen-
tric surfaces ADD and add; or, which comes to the same
thing, imagine that the earth increases in radius, and that
Quito, without changing its position, remains at the level
of the sea, now supposed much higher. There is every reason
to think that the.attraction at Quito would, as a consequence,
be found greater than it actually is at A or at D, in the
ratio of CA to Cae. It is necessary for that, however, to sup-
pose that the layer of earth enclosed between the two con-
centric surfaces is of the same density as all the rest ; for if
the density were different the increase would no longer be in
the same ratio.

45. Call r the radius, and A the density of the earth. Then
rA is the attraction at all the points A, D, etc., supposing
that the earth ends there. Call A the height Ae, which is
very small compared with . Then the attraction at a is
less than at A, in the ratio of #*: (r+4)’ or its diminution
will be as 24 :7; that is, if the attraction is rA at A, it is
(r—2h) A at @, and this supposes that the earth has CA only
for effective radius. But all this will be subject to change
if we add to our globe the layer AdD, whose density is 4.
This new spherical layer, if it had the same density as the
rest, would augment the attraction at the surface in the same
ratio as the radius of the earth became greater. The increase
would be in the ratio of r:r 4 4.

46. Thus the added layer would not only make up for the
decrease which the attraction actually suffers when we go
away from the earth, in rising by the height Aa=%, but would
add a new amount to it, equal to half the diminution, since
it would make this attraction, which is actually » — 2% at the
point @, become 7+%. It follows that the attraction which
the spherical layer can produce at its exterior surface at a
is expressed by 3%, or three times its thickness; but we must
multiply by the density J, because we suppose that the den-
sity of the layer and that of the earth as a whole are not
equal.

q47. To recapitulate: When the earth has its radins, CA =1,
the attraction at A is rA, and at the height % is (r—2%)A.
But when we add to the earth the spherical layer AdD, the

attraction at a becomes (r —2%k) A+ 348
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48. All that remains now to be remarked is that the Cordill-
eras of Peru, however great they may be, ought not to produce
the same effect as the spherical shell which we have assumed.

-If the base EE of the Cordilleras were exactly double its
height, and this mass had the shape of the roof of a house of
indefinite length, then the Cordilleras would produce at @ only
 the effect of the entire spherical shell, as can be easily proved.
But there are further additions to be made in order to give a
more accurate idea of the Cordilleras of Pern. The base EE is
80 or 100 times greater than the height Aa, which augments
the effect in precisely the same ratio as the angle at a is
greater. This angle is only 90° when we find the effect 4 of
that which the whole spherical layer would produce, but on
account of the great width of the base of the Cordilleras the
angle is nearer 170°, which doubles the effect. Moreover, the
Cordilleras do not terminate at the height of Quito in a single
summit like the ridge of a house ; it is, on the contrary, quite
10 or 12 leagues broad there. One can suppose then, without
fear of mistake, that the effect is the greatest which can be

“produced by a chain of mountains. It is the 4 of that which a
spherical layer would produce, or $%3, and if we add to it the
attraction (r—=2%)A, which the globe ADD produces at @, we
shall have (r—2k)A + $hc* as the expression for the attraction
at Quito, when 7A expresses that at sea-level.

49. The difference between the two is 2&A — $hd, which
furnishes the subject of divers quite curious remarks. If the
matter of the Cordilleras were more compact than that of the
average of the whole earth, and their densities were as 4 : 3,
the difference 242 — 345 would become zero, and the attrac-
tion at Quito would be the same as at sea-level. If the density
§ were still greater, our expression for the diminution would
change sign and become an increase, so that the pendulum
would be longer at Quito than at sea-level. But it is evident

* [ This formula i3 independently found by D’ Alembert (13, vol. 6, pp.85-92),
by Young (51 and 95, vol. 2, p. 27), and by Poisson (65, vol. 1, pp. 492-6).

Under the form g¢'= g, (l - 2—:’ + g%) it 18 known as * Dr. Young'~

Rule,” where g' 18 the value of gravity at height h. and g, i3 the value at the
sea-level. Faye (147) contends that the last term of the equation should be left
out; and if Airy’s *flotation theory” (94), or Faye's compensation theory
(146}). be true, there is no doubt that this term requires correction.]
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that thingsare notso. The difference in the length of the pend-
ulum is sufficiently great to let us see that the density of the
matter of which the Cordilleras is formed is much smaller than
that of the rest of the globe. .
50. We have found by experiment a diminution of a ;g4th
part in the length of the pendulum, or in the attraction, as we
go from tbe sea-level to Quito. So {glyy corresponds to 22A —
$hd, as compared with rA, which expresses the attraction at
' 1 2hA — 3hé
1331~ ra

which is the ratio of the height of Quito to the radius

1 1 _ 20—
of the earth, we shall have —_ = ws X A
850

we deduce § = 3993 which tells us that the Cordilleras of
Peru, in spite of all the minerals they contain, have less than }
the density of the interior of the earth.*

51. We admit that this determination may contain a few er-
rors on account of the large number of elements we had to em-
ploy in order to arrive at it. Nevertheless, if we once admit
that the attraction, when the other circumstances are the same,
follows exactly the direct ratio of the masses, we cannot doubt
that the Cordilleras of Peru have a density considerably less
than that of the rest of the globe. If we suppose A and & equal,
our expression for the difference of the attractions at Quito and

271’ A; which'would make the differ-
ence between the lengths of the pendulum 4 times too small, or
the attractions as the square roots, instead of the squares, of
the distances from the centre of the earth. The attraction at
Quito would be less than at sea-level by only the yz;zth part,
and the pendulum would be really shorter by only 9 or 10 hun-
dredths of a line, and in appearance by 2 or 3, an account of the
different constitution and temperature of the air. The differ-
ence of the lengths of the pendulum is certainly greater. Thus
it is necessary to admit that the earth is much more compact

sea-level ; that is, we have

h
If we put ;=

22,37
Whence

at sea-level would become

*[To give Bouguer's result more accuralely. the density of the earth is 4.7
times that of the Cordilleras. Saigey (74, p. 149) has made a recalculation of
these results, with the nroper reduction to vacuo, and finds 4.25. He has done
the same for de la Condamine’s pendulum experiments, with a result 4.50.
For Addendum, see p. 160.]
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below than above, and in the interior than at the surface. For
the soil of Quito is like that of all other countries ; it is a mixt-
ure of earth and stones, with some metallic constituents. . . .
Those physicists who imagined a great void in the middle of
the earth, and who would have us walk on a kind of very thin
crust, can think so no longer. We can make nearly the same
objection toWoodward’s theory of great masses of water in the
interior. But let us continue to limit ourselves to the facts, or
to the only immediate deductions which we can draw from them.
These deductions are confirmed by the ohservations described
in the next chapter, which is in the form I gave it in Peru be-
fore forwarding it to France.

v

MEMOIR ON ATTRACTION AND ON THE MANNER OF OBSERV-
ING WHETHER MOUNTAINS EXHIBIT IT (READ AT THE
ACADEMIE DES SCIENCES, IN OCTOBER, 1739)

52. It is very difficult not to accept attraction as a principle
of fact or of experience. The most rigid Cartesians, like all
other philosophers, cannot dispense with it in this sense. All
they can do is to reserve to themselves the right of explaining
it. . . . Since all the planets circle about the sun, there mnst
necessanly be a force, I shall not say shoving them or drawing
them, but rather transporting them at each moment towards
this star. . . . Nothing prevents us from giving to this force
the name ‘“ attraction,” and from trying to assign to it a phys-
ical cause. . . .

[ Bouguer affirms that in establishing a new principle, it is not
only necessary to prove the insufficiency of all others, but their
impossibility also.]

54. While waiting for all this to happen, it will contribute
to the perfection of physics if we examine more carefully into
attraction as a fact taught by experience. . . . It appeared
to me that if all bodies act ‘“at a distance,” in proportion
to their mass, and according to the other laws which we know,
such enormous masses [the mountains of Peru] should pro-
duce a marked effect. I am well aware that they are very
small compared with the whole earth; but one can approach
1000 or 2000 times nearer their centre, and if it is true that
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the attractions increase not only simply in the same ratio as
the distances diminish, but in the inverse ratio of their squares,
one ought to have a kind of compensation.

55. I shall content myself with justifying this in the case
of .a single mountain called Chimborazo, the base of which
one is obliged to pass in going from the sea-side at Guaya-
quil to the more inhabited part of the province of Quito,
which is enclosed between the two chains of mountains here
formed by the Cordilleras, whose distance apart is 8 or 9
leagues. Chimborazo must be 3100 or 3200 toises above the
sea-level [he afterwards found it to be 3217 toises], and 1700
or 1800 above the level of the platean. We know exactly the
relative heights of all the mountains we have seen, but not
having yet been able to compare any one with sea-level, we
are ignorant of their absolute heights. Chimborazo has roots
which extend very far and become merged in those of the
other mountains, so that it is very difficult to determine the
true extent of its base. It must be more than 10,000 or 12,000
toises in diameter. But when we mount as high as possible,
to where the snow begins, which is 850 toises from the top
and renders the higher parts inaccessible, the mountain is still
more than 3500 toises in diameter. The top, instead of ter-
minating in a point, is rounded and blunt, and appears from
below to have a width of 300 or 400 toises. From these di-
mensions one can estimate its huge mass. In the present
investigation we need to know its height above ground only,
not above sea-level. Even so it must be 20,000,000,000 cubic
toises in volume. 'This is about the ».zgg:d55:55sth part only
of the globe, and the effect of the attraction wounld be absol-
utely insensible, if one considered the quantity of matter
only. But as we can place ourselves at 1700 or 1800 toises
from the centre of gravity of the mountain, or 1900 times
nearer to it than to the centre of the earth, this proximity
ought to increase the effect about 3,600,000 times, and so
make it about 2000 times less than that which gravitation
produces, or the attraction caused by the whole mass of the
earth. This we get by employing only a rough calculation
and the lowest estimates. Calling the action of the moun-
tain 1, and that of the earth 2000, the direction of attraction
should be deflected from the vertical by about 1' 43". A
plumb-line which would be directed exactly to the centre of
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the earth, if its mass were exposed to the earth’s attraction
alone, ought then, on account of the action of the mountain,
to be inclined by this same quantity, which is, as we see, quite
considerable.

56. But how can we recognize this inclination; for all
gravitating bodies must be equally subject to it, and we
seem to lack a term of comparison? It would be useless to
haye recourse to the level surfaces of the heaviest liquids,
since the attraction being equally altered with respect to
them, their surfaces, instead of being perfectly horizontal,
must suffer the same inclination. We see plainly, then, that,
in order to judge of the amount of this alteration, it will be
of no use to look just about us, we must seek another ver-
tical line far off which is subject to no action from the
mountain. But again, how are we to compare one vertical
with another; or measure the angle which -they make in
meeting towards the centre of the earth, and that with suf-
ficient accuracy? If while on the mountain, we observe with
the quadrant the height of a point far off, and then go to
that point and measure the height of the former place, it is
true that by the difference of these two heights we can judge
of the relative positions of the two vertical lines. But be-
sides that we must know the exact distance from one to the
other, it will be necessary also to suppose that the visual ray
is a straight line; and it is not only certain that this is not
true, we know that it is subject by refraction to a very ir-
regular curvature. We cannot determine this curvature with
sufficient exactness to enable us to find the effect of the at-
traction. It seems to me, therefore, that we must seek in
the heavens a term of comparison. By this means, however,
we shall easily overcome every difficulty; and what a mnoment
ago seemed an impossibility becomes at once very simple.

57. We have but to station ourselves to the north or to
the south of a mountain, and as near as possible to its centre
of gravity, and observe the latitude. This observation can be
made with the greatest accuracy only by using a quadrant
or other equivalent instrument whose plumb-line will be de-
flected toward the mountain; this is the same as saying that
the zenith will recede from the mountain. Then we must
go east or west of this station to such a distance that the at-
traction is negligible; and if we observe the latitude in this
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second place with the same carc and with the same means
as in the first, it is evident that ‘all the difference which we
shall observe will be due to attraction. In order to have
this second station precisely east or west of the first, we must
observe the azimuth of the sun at its rising or setting, by
finding its position with reference to some easily distinguished
point on the horizon ; in doing so we must often suppose the
latitude known; but the error we may make on this supposi-
tion will be of no consequence, and it will always be easy to
find two stations on the same parallel of latitude to within
3 or 4 sixtieths of a second. The latitude will be found pre-
cisely the same in the two places, if the vertical line has not
been altered in the first. Suppose, however, that without
seeking the latitude, we observe simply the meridian alti-
tudes of a star at the two stations; the difference of these
two altitudes will indicate equally well the deflection of the
vertical line. It is evident that all the stars which pass the
meridian on the side of the apparent vertical line next to the
mountain will appear lower at the first station than at the
second ; for as the plumb-line approaches the mountain the
apparent zenith recedes from it and from these stars. It will
be quite the reverse with those stars which pass the meridian
on the other side of the apparent vertical line: they will ap-
pear higher at the first station.*

58. Instead of taking the stations both to the north or both
to the south, we could take them one to the north and the
other to the south, and exactly on the same meridian ; then
the cffect of the attraction would be doubled, roughly speak-
ing, and we should find the sum of the contrary attractions.
The vertical line would be inclined in opposite directions at
the two stations; and the altitudes of stars which would be
increased in the one would be decreased in the other. The
physical effect being doubled would be more sensible, and
more susceptible of observation. If the two points were
equally distant from the centre of gravity of the mountain,
the action would be equal at both, and in order to get each

* [ This method of doubling the deflection caused by the mountain, by obsero-
ing not one star, but at least two, one north and one south of the stations,
18 due to de la Condamine. See his account of the expedition (8, p. 68), Zach
(49) and Poynting (185, p. 14). This is the method actually employed by

Bouguer.) 5
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of them we should have merely to take half of the quantity
furnished by the comparison of the observations. In other
cases the division would be a little more difficult ; neverthe-
less it would be sufficient, as we shall shew later, to divide
the sum of the contrary attractions proportionally to the pro-
ducts of the quantity by which each station is more north or
" more south, respectively, than the cehtre of gravity of the
mountain and the cube of the distance of the other station,
respectively, from the same centre. Thus we are under the
necessity of knowing the situation of each station with refer-
ence to the mountain ; but we must know the distance from
one station to the other also, in order to determine geometric-
ally the difference of latitude between them. It is evident
that this difference must itself produce a change in the alti-
tude of each star, and we must know it before we can tell what

is the double effect of the attraction. To obtain the difference
" in latitude of the two places, it would suffice ordinarily to
measure to the east or to the west of the mountain a base
directed nearly north and south, and to form on this base two
triangles which end at the two stations.

59. This way of making two observations from different
sides of the same mountain in order to render the effect of the
attraction more sensible, seems to- me the more useful method,
as it depends less on the peculiarities of the places. We can
sometimes double the effect also by making the first observa-
tion at the north of one mountain and the second at the
south of another. If the two stations are not exactly on the
same east and west line, we have only to determine geometric-
ally their difference of latitude, and take account of it in the
comparison of the altitudes of the stars.

60. Finally, it is not only by observations made at.the north
or at the south that we can discover whether mountains are
capable of acting ‘“at a distance” ; it can be done also by ob-
servations made at the east or the west; but with this differ-
ence, that it will be no longer a question of observing latitude,
or of taking the meridian altitudes of stars; it will be only a
question of determining time exactly. It appears to me that
this last method would be often preferable to the preceding
ones, except that it requires two observers. Suppose that the
first of these is on the east side of a mountain, and the second
on the west side of another, or of the same, mountain. If each
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of them regulates carefully a chronometer by corresponding al-
titudes, it is evident that all these altitudes being altered by
the attraction which deflects the plumb-line, each chronome-
ter will be regulated as if the meridian were not exactly vertic-
al, but inclined below toward the mountain, and above away
from it. Let us suppose that the attraction amounts to a min-
ute of arc, and that the two mountains are on the equator ;
the first chronometer will denote midday 4 seconds of time
too soon, and the other 4 seconds too late. Thus, neglect-
ing the difference of longitude, which we could easily find by
measuring trigonometrically the distance of the two observ-
ers apart and reducing this distance to degrees and min-
utes, there would be a difference of 8 seconds of time be-
tween the two chronometers. If the two mountains instead
of being on the equator were at latitude 60°, each minute of
inclination which the attraction produced in a plumb-line
would produce 8 seconds of difference in the time of mid- -
day, and therefore 16 seconds difference in the chronometers.
Finally, to judge of the attraction we need only know the exact
difference between the chronometers; and to find this, it would
always be sufficient to agree upon a signal, by fire or other-
wise ; and to observe at both stations the minute and second
of the instantaneous appearance of this signal.

61. I return to the first method because it appears to me to
be the simplest : that is, suppose we station ourselves always
to the north or to the south of the mountain and confine our-
selves to observations of the latitude. It is evident that if we
take at each station the meridian altitude of one star only,
we must know to the last degree of nicety the condition of the
quadrant we are using. There is no lack of methods for veri-
fying this instrument, but there is one which is extremely
valuable in the present instance, because, at the same time as
we work at verifying the quadrant, we are making the observ-
ations which decide the question at issue ; and in thus abridg-
ing the operations we avoid opportunities for errors. This
method is to take the meridian altitudes of an equal number
of stars toward the north and toward the south, and, provided
that the state of the instrument does not vary from one observ-
ation to another, it does not matter if it does change from
day to day. If it makes the altitudes of the stars on one side
the zenith too great, it will produce the same effect with re-
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spect to those on the other side. Thus the change will influ-
ence only the sum of the altitudes or the complements of the
altitudes, and will not alter the difference of the altitudes taken
on the different sides. The attraction, on the contrary, will not
alter the sum, but will change the difference; because at the
same time that it makes the stars on one side too high, it makes
those on the other side too low. It will always be easy to sep-
arate these two causes, and we shall not attribute to the one
that which arises from the other. T'o obtain at one stroke the
effect of atfraction without being obliged to know the state of
the quadrant or the declinations of the stars, we need only ex-
amine whether the differences of the meridian altitudes taken
towards the north and towards the south are the same at the
two stations, or whether they are subject to a second differ-
ence. But it is necessary to remark that the altitudes being
increased on the one side while they are diminished on the
other, it is the half of this second difference which denotes
the physical effect of the attraction, both when this effect is
single and when it is double. In this latter case, it will be
necessary to divide the total effect in the ratio which the sep-
arate effects ought to have.

[ Bouguer then proves this ratio to be that mentmned above (p.
37). He admits that some mountains might shew less attraction
than that required by Newton’s law (or even none), due to the
existence of great cavities in theinass. He discusses the different
mountains in the neighbourhood of Quito, and for various reasons
decides upon Chimborazo-as the one most suitable for the experi-
ment. )

EXAMINATION OF THE ATTRACTION OF CHIMBORAZO

65. I did not ascend this mountain alone as T did the pre-
ceding one. I had some time before communicated my design
and all my views to M. de la Condamine, and when on the
point of carrying them out I mentioned them to M. de Ulloa,
one of the two naval lieutenants who had assisted in the ob-
gervations both of myself and of M. dg la Condamine ever since
our arrival in the domains of His Catholic Majesty. These
gentlemen obligingly offered t